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Abstract 
We analyze the pore transmission of fluid pressure p and solute density U in porous rocks. To investigate shale deformation, 
fundamental for deep oil drilling and for gas extraction ("fracking"), a non-linear model of mechanic and chemo-poroelastic 
interactions among fluid, solute and the solid matrix is discussed. The solutions of the model are quick non-linear Burger’s 
solitary waves, potentially destructive for deep operations. Following Civan [2], diffusive and shock waves are applied to fine 
particles filtration. Then the delaying effects of fine particles filtration is compared with fractional model time delay and the 
fractional order parameter can be realistically estimate. 
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Nomenclature 
ȡf = ȡ  fluid density                                   1100  kg /m3 
ĳ   rock porosity                                                                0.10  
p   pore pressure                                                               106                Pa 
k   intrinsic permeability                                                  10-18                    m2 
Ș                  fluid viscosity                                                              3x10-4              Pa  s  
Ĭ standard solute reflection coefficient                            0.20    
ȝS                       solute chemical potential                                                                  m2/t2 
ȝD                                diluent’s chemical potential                                                                                  m2/t2 
D                 solute diffusion coefficient   2x10-10        m2/s   
R                                 universal gas constant                                                       8.31                             J/K mole 
T                 absolute temperature                         300       0C   
M S                 solute molar mass                                0.06            kg/mole 
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ȡS                solute fluid mass density                 100            kg/m3 
ȡD               solvent fluid mass density               1000           kg/m3 
ıij               total stress tensor (for positive tension)                  2x107          Pa 
İij                 strain tensor 
G                shear modulus                                 8x108            Pa 
RT
M Sk
0ZZ                   chemical-mechanical coupling coefficient   
0Z   swelling coefficient    8x10
6           Pa 
Į - K/Ks   poro-elastic (Biot) coefficient           0.97 
K                 bulk modulus                                   9x108            Pa 
Ks                                bulk modulus of the solid matrix                                     3x1010                                      Pa 
Kf                                                   fluid bulk modulus                                                           2.5x109                              Pa 
Ȟ                                  pore volume fraction                                                       0.10 
kd                                       deposition constant                                                         1-4 
1. Introduction  
We analyze the pore transmission of fluid pressure p and solute density U in porous rocks. To investigate shale 
deformation, fundamental for deep oil drilling and for gas extraction ("fracking"), a non-linear model of mechanic 
and chemo-poroelastic interactions among fluid, solute and the solid matrix is discussed. The solutions of the model 
are quick non-linear Burger’s solitary waves, potentially destructive for deep operations. Following Civan [2], 
diffusive and shock waves are applied to fine particles filtration. Then the delaying effects of fine particles filtration 
is compared with fractional model time delay and the fractional order parameter can be realistically estimate. 
 
Following  Ghassemi and Diek [5] and Merlani, Salusti and Violini [10], we call t the time, x the space, ȡ the 
solute mass density, ȡf   the fluid  mass density,  Jf  the fluid flux, Js the solute flux, ȗthe rock fluid content and  ĳ 
the rock porosity . The equations for both fluid and solute mass conservation are: 
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where a  means an average of a. Phenomenological forces drive these fluxes  
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where p is the pore pressure, k the intrinsic permeability, Ș WKHIOXLGYLVFRVLW\Ĭ WKHVWDQGDUGVROXWH UHIOHFWLRQ
coefficient, ȝS the solute chemical potential, ȝD the diluent chemical potential, D the solute diffusion coefficient,  R 
the universal gas constant, T the absolute temperature, ȡD the solvent mass density, M S the solute molar mass. 
Heidug and Wong in [6] assume in (2) a non-Osanger approach, namely that the effect on sJ  of pxw  can be 
disregarded and the solute is mainly “forced” by the chemical potential gradient. For a binary system, [5], moreover 
show that  
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For a binary fluid and an isotropic porous rock, the equations in 3-D for the total stress tensor ıij, strain tensor İij 
and pore volume fraction Ȟ are 
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where G and K are the shear and bulk modulus respectively, Į 1 - K/Ks is the poroelastic (Biot) coefficient and 
Ks the bulk modulus of the solid matrix. The chemical-mechanical coupling coefficients ȦD and ȦS are 
RT
M SDS
0ZZZ   , where 0Z is the swelling coefficient 
 Finally all this gives 
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The equilibrium equation in a 3-D represents the momentum balance for the solid matrix  
Ȉij ıij [i   (6)  
In a planar wall or half–space, in just 1 dimension, [8], one has ıxx = ıyy = ızz = 0. From this, (5) and (6), one has 
that the strain tensor is a linear function of p and ȡ  
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2. Coupled non-linear equations for pressure and concentration  
From (1) - (7) the evolution equation for the fluid gives   
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while the conservation of solute mass gives 
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where E, F, H, M, N, S and U are described in Table 1. From mathematical symmetry and invariance properties 
of (8), in [9] the authors find a class of solutions consisting in mere functions of x2/t. 
We now consider a simple geometry, i.e. a first patch of mud (for x < 0, with contaminant ȡ0 + ȡI > ȡ0, pressure 
p0 + pI > p0 at W 0) and another homogeneous patch of fluid saturated porous-permeable rock (contaminant ȡ0, 
pressure p0 at W  for x > 0).  With these initial boundary conditions, we now introduce the main assumption [10], 
namely that in equation (8a) one has 
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consistent with the general remark in [9]. From (11) and (8b) in [10] the authors obtain       
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We moreover remark how in (10) the role of a non-linear velocity is played by    
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that since M and N have opposite sign, stress the opposite effect of p and U  on u. We now perform a scale 
analysis of (10): we assume ȡ I ~ 100 kg/m3, the space scale ~ 1 m and time scale is called Ĳ. The first term in SI is ~ 
100/ Ĳ, the second is ~ 0.01, the third is ~ 10-6 and therefore Ĳ ~ 104 s. One can also note that a linear version of (10), 
putting A = 0, gives much longer times as Ĳ ~ 108 s. Moreover $ 1 EM  ~ 3x10-6 and Z = UE - S ~ 10-8 in the SI 
DQG WKHUHIRUH LQ VKDOHV RQH KDV D YHU\ ODUJH YDOXH IRU WKH IXQGDPHQWDO 5H\QROGV QXPEHU ī  $ ȡI/Z § [ 4. 
However, we must stress that A, Z are sums and subtractions of poorly known quantities and therefore all these 
estimates must be considered critically. 
 
3. Transient solutions  
Equation (10) is of remarkable importance, as it is a classical Burgers-like equation [14] for u. If the Reynolds 
number   ī $ȡI/Z is large, as for a strong initial jump of U  from slurry to shale, (10) and (11) give that 
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In synthesis for an initial jump ȡ,= 100 in SI all this gives a large ī§104 and 
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We see here that in (12) is a
 
front xB(t) with velocity 
 /tIAU ,due to the condition that ³
f
0
u dx   FRQVWDQW (Fig.1).  
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Fig. 1. Sketch of the Burgers u at different times. 
Moreover, t* is a characteristic time that somehow reminds the first temporal interval of [13]. It has to be stressed 
that such non-linear front cannot be found in previous diffusive models, in perturbative approaches or in scale 
analyses. This profile of u might look somehow unexpected if one has in mind the classical diffusion profile, but in 
reality, it is due to the non-linear effects that are predominant for a large ī.     
The solution (12) yields  
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in (9) and so for both p and ȡ our assumption (9) is satisfied. Moreover, one can see that the pressure has a 
complicated structure: while ȡ(x,t) is just a sharp Burgers wave structure depending on both space and time, the 
pressure has also a purely temporal component  
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which has no effect on the fluid velocity, vanishes  at  W W and then is rather slowly growing.  In practice, this is 
a quantity rather difficult to identify.    
If one has to consider the effect  of an initial pressure jump, as pI §6DOOWKHIRUPDOLVPUHPDLQVWKHVDPHDQGī
= -A pI/(EZ) is the Reynolds number that rules the rock evolution.   
4. Example application: the fine particle migration  
Chang and Civan in [1], have shown that fine particles are frequently present in petroleum bearing rocks and, 
during drilling, fluids containing particulate suspensions may migrate into the porous media and reduce shale 
porosity and permeability. Such considerations, applied to the soliton induced flows, can give a simple expression of 
the shale permeability, porosity…evolution. During their migration the fine particles deposit on the pore surfaces 
and therefore their volume dtp has to decrease. Calling l the spatial rate of such decrease, one has 
0 
w
w
tp
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x
d   and therefore       dtp  G0tp  e – l x                                                                     (13)  
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Following [2], the effect on permeability k, porosity ĳ of such migration is proportional to the volumetric flux of 
particles into the matrix. If a space averaging is an acceptable approximation for such migrations, their overall effect 
in the time interval (t*, t) is  
 > @*/ln1'1)(
0
ttQdtudqt
t
Dtp MM MMM |¸¹
·¨
©
§ o ³   (14a) 
 > @*/ln1'1)(
0
ttQkdtudqktk k
t
Dtpk |¸¹
·¨
©
§ o ³   (14b) 
where qj  depend on the pore and particle dimensions and  Qj  Tj  ab d0tp e - lx x dx / 2  for  M  Nĳ  
When ĳ, k vary as in (14), a more complex sitXDWLRQDULVHV,IWKHQHZīLVstill large, (9) becomes     
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which solution is again a shock wave as those already discussed,  but  with a new time 
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and this novel time delay will play an important role in the following discussion.    
 
5. A fractional derivative model of non-linear waves in fluid-saturated media 
Recently fractional derivative have been used to take into account the dishomogeneities of the rock 
characteristics [4, 7]. This stresses the interest of a fractional derivative version of equations (7), i.e. to insert the 
same time fractional derivative of order Į, [11], in both equations (7). This rather formal approach, [12], gives 
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with the same initial conditions and   x > x* . As in [10], the small terms U and S in (17) can again be disregarded 
for swelling shales.  The additional term șis necessary for dimensional reasons and is proportional to (Ĭ) Į-1, this 
Ĭ being a characteristic time. All this in turn gives again a fractional Burgers equation.  As suggested by the 
solutions of the previous model, a heuristic solution of (17) for a large Reynolds number R , [3], is a tentative 
polynomial in x , namely 
ȡ  PW) x2  QW 0[2  t  Ȗ+  N* t μ    (18) 
Inserting this (18) in (17) one obtains 
 ștĮ   m(t)  + 4 A m (t)
2   QW FRVW                          (19) 
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which finally gives 
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The effect of such fractional time propagation of the sharp front is a time delay. To reach a phenomenological 
estimate of the yet undetermined fractional derivative order Į we thus compare the time delay of the 
phenomenological model of fine particle migration (16) and that of the fractional approaches (20) and (21). These 
times delay have a somehow similar behavior, [3], and considering in detail the equations one obtains a simple 
relation  
Į§- Q* / (1- 4§- Q*          and  equivalently         4§– Į- Į                                  (22) 
Thus (22) suggests that the overall process of fine particle migration in deep oil drilling can be simulated by a 
suitable fractional derivative of RUGHUĮ §- Q*, [3]. It could be of remarkable interest to generalize this approach to 
other phenomena, as filter cake formation or fracking, a study planned for next future. 
  
 
Table 1. Values of the various parameters in equations (8) and (17) for swelling shales. 
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Appendix A.  
Recently, to take into account realistic properties of fluid-saturated porous rocks, has been proposed a novel 
formalism based on fractional modeling, to take into account the stochastic variability of the rocks characteristics. 
The definition of fractional derivative of real order Į is 
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interval  [g,t], i.e. on the “history” of   f(t). It can moreover be shown that for polynomials 
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